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2016 MAT - Multiple Choice (8 pages; 27/8/20)

Q1/A

Solution

— lr—l

M2,a, =1.0L12...1"4 _ 3(19(5) _ 105

So the answer is (d).

Q1/B
Solution

Let the hexagon have sides of length x.

X
Thenx+\/—§— 1,

_ 1 _ N2 _ Yo
sothatx—H(\/%)—ﬁJrl—\/i(\/f 1)—2 V2

So the answer is (b).

Q1/C
Solution
x’+ax+y*+by=c

2 2 aZ bZ

2
So the centre is (—% ,g) and the radius = \/c +—+ b—
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The Origin will lie within the circle when the distance of the

centre from the Origin is less than the radius;

: a2 o b2 az  p?
1ewhen\/(2) +(2) <\/c+4 +
and 2 +O2<c+Z+Z

2 2 4 4’

iec >0

So the answer is (a).

Q1/D

Solution

cos™(x) + cos*™(x) =0

= cos”(x)(l + Cos”(x)) =0
= cosx =0 or cos™(x) = -1

If n is even, then there are no sol'ns to cos™(x) = —1, and 2 sol'ns
to cosx = 0 in the given range.

[So the answer can only be (d).]

If n is odd, then cos™(x) = —1 = cosx = —1, for which there is 1
sol'n in the given range, and there are 2 sol'ns to cosx = 0.

Thus, if n is even, then there are 2 sol'ns, and if n is odd, then
there are 3 sol'ns.

So the answer is (d).



Q1/E

Solution

Let f(x) = (x — 1)? — cos(mx)

f(0) = 0; ie the curve should pass through the Origin
So the answer can only be (a), (b) or (c).
The line of symmetry of y = f(x)isx =1
[f(1+a) =a?— cos(m + ma)

= a? — cosm cos(ma) + sinm sin(ma)

= a? — cosm cos(ma)

f(1—a) =a?—-cos(m —ma)

= a? — cosm cos(ma) — sinm sin(ma)

= a? — cosm cos(ma),

sothat f(1—a) = f(1+ a)]

and f(1) =1,

so that the answer is (a).

Q1/F
Solution

Lety = x?

Then equivalent requirement is that y + 1 is a factor of

fO=C+y)"-@+3)"(y-D"
This occurs when f(—1) = 0;
ie when 4™ — 2™"(=2)" =0 (1)
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When n is even, (1) becomes 4™ — 2"2" = (0, which is always

true.
When n is odd, (1) becomes 4" + 22" = 0, which is never true.

So the answer is (b).

Q1/G
Solution
The sequenceis 1,1, 2,4,8, 16, ...

Note thateg 16 = (1 + 1+ 2+ 4) + 8 = 8 + 8; ie the sequence
doubles at each step.

Sox, =2 1fork >0

o 1 0 —(1-

=1+—=1+2=3
2

So the answer is (d).

Q1/H
Solution
4
f(;/aa —x%dx > — fo\/ax“ —adx (as g(x) lies below the x-axis)
4

& [ax—lx3]‘/a+ [le —ax] Va g

3 0 5 0

3 13 1 5 5

©az—caz +Ea4—a4 >0

2 3 4 5
=)§a2—§a4>0
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5 1
oL (10az - 12) >0
15
1
© 5a4+—6>0 (asa >0)

1 6
S a4 >'E

4
6 : : : :
Sa> (g) (as y = x* is an increasing function, for x > 0)

So the answer is (e).

Q1/1
Solution

Write y2 =1 — x? — A, where 4 >0

Let f(x) = ax + by = ax + bV'1 — x2 — A (taking the positive
root, to maximise f(x)).

1
Then f'(x) = a + g (1 —x%—A4)"2(—2x)

bx
V1i-x2-A

= a’(1 —x?—A) = b?*x?

and f'(x) =0=a =

= x%(a® +b?) =a*(1 - A)

= x = \76121_;42 (taking the positive root again, to maximise f(x))
2(1—
And then y = \/1 — aaz(ibg) — A (taking the positive root, to

maximise f(x))

_ |a?+b2-a?(1-A)—A(a?+b?)
- a?+b?
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_|b2(1-4)
o a?+b?

And so f(x) is maximised by setting A = 0,

2 bZ

giving f(x) = \/aibz + = = va? + b?

2+b2

So the answer is (c).
Alternative method 1 (using 2nd year theory)

Suppose that a sol'n exists for which x? + y? < 1; ie so that the
point (x, y) lies inside the unit circle centred on the Origin.

Then it would be possible to increase ax + by by increasing either
x or y, until (x, y) lies on the circle.

So x? + y? = 1, and we can write x = cos8,y = sinf for some 6.
Then ax + by = acos@ + bsinf can be written as
rsin(0 + a) = rsinfcosa + rsinacoso,

where a = rsina & b = rcosa,
so that r2(sina + cos?a) = a® + b?, and hence r = Va? + b2
Thus the largest value that ax + by can equal is r = Va? + b2.

Alternative method 2

Write ax + by = ¢, and rearrangetoy = — %x + %

[The official sol'ns incorrectly says y = %x + %]
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This is the family of lines of gradient — %, and we want the line

that crosses the y-axis as high as possible. Referring to the

diagram, the gradient of OP is — (—1(1) = Z . Thus tanf = Zand SO

b

d a
I—tan(90—9) =3

2
Then, by Pythagoras' theorem, 12 + d? = (%)

so that b? + a? = ¢?,

and ¢ = Va? + b2

Q1/]
Solution

(a) true; eg x(n) = 4: this is possible (eg when x = 4, so that
[1(n) = 1), and n cannot be prime

7
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(b) x(n) would have to be odd (if it were 2, then 32 would be an

exception to the proposition; other even numbers = nisn't
prime); 3% = 81 rules out x(n) = 1; 3°> = 243 rules out x(n) = 3;

3% = 729 rules out x(n) = 9; 37 = 2187 rules out x(n) = 7;
52 = 25 rules out x(n) = 5; so the statement is false
So the answer is (b).

[The official sol'ns give 7°> = 16807 as a counterexample for
x(n) = 7, butit's not an obvious one to try!]

[(c): x(n) = 0 = 2 & 5 must be factors, which contradicts I1(n) =
1; so (c) is true

(d) Ifeg TI(n) =1 & x(n) = 1, in which case n could be eg 11
(prime), or 3* = 81 (not prime); so (d) is true

(e) eg 2 x 3 gives x(n) = 6; 2 X 5 gives x(n) = 0;
2 X 7gives x(n) = 4; 2 x 11 gives x(n) = 2;
2 X 19 gives x(n) = 8; 3 X 5 gives x(n) = 5;
3 x 7givesx(n) = 1; 3 X 11 gives x(n) = 3;
3 X 13 givesx(n) = 9; 3 x 19 gives x(n) = 7

so (e) is true]



