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2014 MAT Paper - Multiple Choice (10 pages; 28/10/20)

Q1/A

Solution

Writing y = x%,x* <8x?+9© y?-8y—-9<0
ie(y—-9)@y+1)<0e -1<y<9

(as y? — 8y — 9 is a u-shaped quadratic)

& —-3<x<3

ie the answer is (a)

Q1/B

[Completing the square is something that is quick to do (and may
shed some light on the problem).]

Let f(x) = log;0(x? — 2x + 2) = log,o[(x — 1)? + 1]
Then f(1) = 0, so that (a), (b), (c) & (d) can be eliminated.

Thus the answer is (e).

Q1/C
Solution

y=kx3—(k+1Dx?+Q2—-k)x—k

=2 =3kx? =20k + Dx +2—k

a’y .

In order for there to be a turning point that is a minimum,
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d d?
& Oand—32/> 0,whenx =1
dx dx

. : . d? .
[This is true for a cubic, but not a general function, as d_szl > 0is

not a necessary condition for a minimum (consider y = x*, for
d? ..
example, when d_x32/ = (0 at the minimum).]

sothat 3k — 2(k + 1) + 2 — k = 0, which is true for any k,
and 6k — 2(k + 1) > 0; ie 4k > 2, or k >§

So (c) is the answer.

Q1/D
Method 1
(a,b)
Jg}, g
VR R
e
el
2 e N\ >

From the diagram above, the x-coordinate of the reflected pointis

2

1(cos(260)) = cos?@ — sin’*@ = 2cos? — 1 = —5;— 1
2 2 _2—-(1+m?) _ 1-m?
"~ 1+tan?6 " 1+m?2  1+m2  1+m2’

which shows that (d) is the correct answer.
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Also, y-coordinate is 1(sin(26)) = 2sinfcos6
m 1

and cos@ =
Vv1i+m?2 Vv1i+m?2

tanf = ? = sinf = (by Pythagoras)

. 2 :
so that 2sinfcosf = 1+m as required.

m2’

Method 2
9
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From the diagram above, triangle OQR gives sinf = % and
triangle PRS gives % = cos6

Then b = 2sinfcosf (1)

Also ¢? = (2d)? — b? = (2sin8)? — 4sin’6Ocos?6

= 4sin?0(1 — cos?0) = 4sin*6

so that ¢ = 2sin?6

and a=1—c=1-2sin?0 =1—2(1 — cos?0) = 2cos?6 — 1
(2)

Then from (1) & (2) we can proceed as in the previous method.



Method 3 (outside the MAT syllabus)
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The reflection of the general point P(a, b) in the line y = mx can

be obtained by the following vector method:

Referring to the diagram, let A (7}1) be the point Q.

Then, as Q—P) is perpendicular to the line y = mx,

(1) =0 (274) (2=

sothat a— A+ (b —-Am)m =0

a+bm
m2+1

>A(m?+1)=a+bm, and 1=

Then OR = 0G + OR = ,1(7}1) +Pg
=4 (711) + (Ail_—ab)

- (ziin_—ab)
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1 ( 2(a + bm) —a(m? + 1) )
~ m2+1\ 2m(a + bm) — b(m? + 1)

1 (a(l —m?) + 2bm)
~ m2+1\2am + b(m? — 1)

[Note that, when m = 1,Ris (b, a).]

2
Then,whena =1&b =0, Ris 21 (1 m)
m<+1 Zm

So the answer is (d).

Q1/E
(4sin’x + 4cosx + 1)? = (4(1 — cos?x) + 4cosx + 1)?
= (5 + 4cosx — 4cos?x)?
= (—4(cos?x — cosx) + 5)?
2
= (-4 (cosx — %) +6)2
= (6 — (2cosx — 1)?)? (A)
Now, (2cosx — 1)? varies from 0 to 9

When it equals 0, (A) has its maximum value of 36.

So the answer is (b).
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Q1/F
Introduction

This problem can be investigated either algebraically, or
graphically. In fact a combination of the two approaches is
probably the quickest way of arriving at the answer.

Solution

From an algebraic point of view, any combination of the functions
S and T will produce a function of the form a + x (where a is an
integer), so that t has to be odd, in order to give the —x in

F(x) =8 —x.

From a graphical point of view, if x represents the initial position
on the x-axis, with T having the effect of a reflection in the line

x = 0, and S that of a translation of one place to the right, then
F(x) can be considered to represent the final position.

If x is odd/even, 8 — x will be odd/even as well, and there will be
an even difference between the final and initial positions in both
cases, so that s must be even, as any reflections about x = 0 have
no effect on the odd/even status.

Thus t is odd and s is even, so that the answer is (c).

Q1/G
Solution

(1 +xy] +y)*= A+ xy)" + n(1 + xy)" 1y?

+ (721) (1+ xy)" 2y + .-
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Only the term n(1 + xy)™ 1y?2 will contain a power of y that is 2

greater than the power of x, and we require the term

n (n g 1) (xy)3y? within this, so that the required coefficient is

(50 -

. n!(4") . n
T 3l(n—-4)!(4) 4 (4)

so that the answer is (d).

Alternatively, knowledge of the trinomial expansion:

n

(a + b+ C)n = 2 i,j,k (i,j, k

(i+j+k=n)

) a‘b’ck,

n I

where (i, j, k) = ﬁ , gives the answer straightaway,
n

as we require the term (n _ 43 1) (D (xy)3(y?)?,

so that the coefficient is

n . n! . n!(4!) . (m
(n — 4,3,1) T (n=)!I3HAD  (n-4)!@EHEh 4 (4)

Q1/H

To find out how much has been added to F(1) by the time
F(6000) has been reached:

Of the numbers 2-6000,

3000 are even

2000 are multiples of 3, and 1000 of these are multiples of 2
[6000, 5994, ..., 6, with 6000 = 6 + 999 X 6]

The numbers in the required categories are:
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2 divides n but 3 does not divide n (3000-1000 = 2000)
3 divides n but 2 does not divide n (1000)

2 and 3 both divide n (1000)

So F(6000) = 2000(2) + 1000(3) + 1000(4) = 11000

so that the answer is (¢).

Q1/1
Introduction

At each stage of a composite transformation, we must always be
doing one of the following:

(a) replacing x with x + a (where a can be negative), to give a
_ —a

translation of( 0 )

(b) replacing x with kx (where k can be negative; eg k = —1

represents a reflection in the y-axis), to give a stretch of factor
1/k in the x-direction (ie the graph is seen to compressifk > 1)

(c) replacing y with y + a (or, equivalently, subtracting a from
the function, sothaty = f(x) » y = f(x) — a),), to give a

translation of( 0 )

(d) replacing y with ky (or, equivalently, dividing the function by
k,sothaty = f(x) » y = %f(x)), to give a stretch of factor 1/k

in the y-direction
Solution

x?—4x+3=(x-2)> -1
y = 25" > y = 2(=2) ig 3 translation of (g)

8
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andy = 20072)° &y = 20-2)*-1op gy = %2(’“‘2)2 is a stretch of

scale factor 2 in the y direction

So the answer is (b).

Q1/]

Solution

[In the official solution, f_ll f(x)du should read f_ll f(x)dx (or
1

J_, fdu) etc]
1 1 .

J_,f®)dt and [~ f(x)dx can both be written as a constant, A

say.

A possible line of investigation could be substituting in particular
values of x (eg x = —1 & 1), or (more generally) x = a:

This yields 6 + f(a) = 2f(—a) + 3a?A and

6+ f(—a) = 2f(a) + 3a%4

Subtracting one from the other then gives f(a) = f(—a).

As this is true for all a, we can say that f(x) = f(—x).

Then, integrating both sides of the original equation from -1 to 1:
f_ll 6 dx + f_llf(x)dx =2 f_llf(x)dx + 34 f_ll x2dx

1
-1

1

= [6x] 1

+A =24+ 341x%]
= (6-(-6) =A4+A401~-(-1)
=12 =34

=> A =4

So the answer is (a).
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[The official solution points out that f_ll f(—=x)dx = f_ll f(x)dx,
which shortens the method.]
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