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Solution 

(i) 𝑥3 = 2𝑥 + 1 ⇒ 𝑥4 = 𝑥(2𝑥 + 1) = 𝑥 + 2𝑥2 

and  𝑥5 = 𝑥(𝑥 + 2𝑥2) = 𝑥2 + 2(2𝑥 + 1) = 2 + 4𝑥 + 𝑥2 

 

(ii) 𝑥𝑘+1 = 𝑥(𝐴𝑘 + 𝐵𝑘𝑥 + 𝐶𝑘𝑥2) 

= 𝐴𝑘𝑥 + 𝐵𝑘𝑥2 + 𝐶𝑘𝑥3  

= 𝐴𝑘𝑥 + 𝐵𝑘𝑥2 + 𝐶𝑘(2𝑥 + 1)  

= 𝐶𝑘 + (𝐴𝑘 + 2𝐶𝑘)𝑥 + 𝐵𝑘𝑥2  

Also  𝑥𝑘+1 = 𝐴𝑘+1 + 𝐵𝑘+1𝑥 + 𝐶𝑘+1𝑥2 

Equating coefficients: 

𝐴𝑘+1 = 𝐶𝑘  ;  𝐵𝑘+1 = (𝐴𝑘 + 2𝐶𝑘) ;  𝐶𝑘+1 = 𝐵𝑘  

 

(iii)  𝐷𝑘+1 = 𝐴𝑘+1 + 𝐶𝑘+1 − 𝐵𝑘+1 

= 𝐶𝑘 + 𝐵𝑘 − (𝐴𝑘 + 2𝐶𝑘)   , from (ii) 

= −𝐶𝑘 + 𝐵𝑘 − 𝐴𝑘 = −𝐷𝑘   

 

rtp:  𝐴𝑘 + 𝐶𝑘 = 𝐵𝑘 + (−1)𝑘 

ie  that 𝐷𝑘 = (−1)𝑘 

Now, 𝐷0 = 𝐴0 + 𝐶0 − 𝐵0 = 1 + 0 − 0 = 1,   as 𝑥0 = 1 

Then  𝐷𝑘+1 = −𝐷𝑘 ⇒ 𝐷1 = −1; 𝐷2 = 1  ... 

and 𝐷𝑘 = (−1)𝑘 , as required 
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(iv)  𝐹𝑘 + 𝐹𝑘+1 = 𝐴𝑘+1 + 𝐶𝑘+1 + 𝐴𝑘+2 + 𝐶𝑘+2   (1)  

 𝐹𝑘+2 = 𝐴𝑘+3 + 𝐶𝑘+3 = 𝐶𝑘+2 + 𝐵𝑘+2 

= 𝐶𝑘+2 + (𝐴𝑘+1 + 2𝐶𝑘+1)  

= 𝐹𝑘 + 𝐹𝑘+1 − 𝐴𝑘+2 + 𝐶𝑘+1 , from (1) 

= 𝐹𝑘 + 𝐹𝑘+1 , as required 

 


