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Referring to the diagram, from triangle T: 

𝑎 = 1. 𝑠𝑖𝑛𝜃 & 𝑏 = 1. 𝑐𝑜𝑠𝜃  

⇒ coordinates of Q are (1 + 𝑎, 1 + 𝑏) = (1 + 𝑠𝑖𝑛𝜃, 1 + 𝑐𝑜𝑠𝜃) 

Gradient of PQR is −
𝑂𝑅

𝑂𝑃
= −𝑡𝑎𝑛𝜃 

Eq'n of PQR is   𝑦 − (1 + 𝑐𝑜𝑠𝜃) = −𝑡𝑎𝑛𝜃(𝑥 − [1 + 𝑠𝑖𝑛𝜃]) 

ie 𝑦 = 1 + 𝑐𝑜𝑠𝜃 − 𝑥𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛𝜃(1 + 𝑠𝑖𝑛𝜃) 

=
1

𝑐𝑜𝑠𝜃
(𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛𝜃 + 𝑠𝑖𝑛2𝜃) − 𝑥𝑡𝑎𝑛𝜃  

=
1

𝑐𝑜𝑠𝜃
(1 + 𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃) − 𝑥𝑡𝑎𝑛𝜃  
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or  𝑦 = 𝑠𝑒𝑐𝜃 + 1 + 𝑡𝑎𝑛𝜃 − 𝑥𝑡𝑎𝑛𝜃  

At P,  0 = 𝑠𝑒𝑐𝜃 + 1 + 𝑡𝑎𝑛𝜃 − 𝑥𝑡𝑎𝑛𝜃 

⇒ 𝑥 =
𝑠𝑒𝑐𝜃+1+𝑡𝑎𝑛𝜃

𝑡𝑎𝑛𝜃
= 𝑐𝑜𝑠𝑒𝑐𝜃 + 𝑐𝑜𝑡𝜃 + 1  

and so the coordinates of P are (𝑐𝑜𝑠𝑒𝑐𝜃 + 𝑐𝑜𝑡𝜃 + 1 , 0) 

 

(ii) By reversing the roles of P and R, we see that 𝐵 (
𝜋

2
− 𝜃) =

𝐴(𝜃). 

Let the area bounded by the circle and the 𝑥 & 𝑦-axes be C (which 

is independent of 𝜃). 

Then 𝐶 = 1 −
1

4
𝜋(1)2 = 1 −

𝜋

4
 

And  𝐴 (
𝜋

4
) + 𝐵 (

𝜋

4
) + 𝐶 + 𝜋(1)2 = 𝐴𝑟𝑒𝑎(𝑂𝑃𝑅) 

⇒ 𝐴 (
𝜋

4
) + 𝐴 (

𝜋

4
) + (1 −

𝜋

4
) + 𝜋 =

1

2
𝑂𝑃. 𝑂𝑃   

(as 𝑂𝑅 = 𝑂𝑃 when 𝜃 =
𝜋

4
) 

⇒ 2𝐴 (
𝜋

4
) + 1 +

3𝜋

4
=

1

2
(𝑐𝑜𝑠𝑒𝑐(

𝜋

4
) + 𝑐𝑜𝑡(

𝜋

4
) + 1)2  

=
1

2
(√2 + 2)2  

So  𝐴 (
𝜋

4
) =

1

4
(√2 + 2)2 −

1

2
−

3𝜋

8
 

=
1

2
+ √2 + 1 −

1

2
−

3𝜋

8
  

= √2 + 1 −
3𝜋

8
  

 

(iii) Referring to the diagram in (i), area of ACP = area of QCP, 

and therefore 𝐴(𝜃) = 2 × area of ACP − area of minor sector CAQ  
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When 𝜃 =
𝜋

3
 , area of ACP =

1

2
(1)AP =

1

2
(𝑐𝑜𝑠𝑒𝑐 (

𝜋

3
) + 𝑐𝑜𝑡 (

𝜋

3
)) 

=
1

2
(

2

√3
+

1

√3
) =

√3

2
  

And area of minor sector CAQ =
∠𝐴𝐶𝑄

2𝜋
× 𝜋(1)2 =

(2𝜋−𝜋−
𝜋

3
)

2
=

𝜋

3
 

So 𝐴 (
𝜋

3
) = 2 (

√3

2
) −

𝜋

3
= √3 −

𝜋

3
 , as required. 

 


