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Centre of Mass - Part 2 (12 pages; 7/8/17)

(13) Centre of mass of triangular lamina (proof) - Part 1

Figure 16

Referring to Figure 16, the centre of mass of each strip lies
halfway along it; ie on the median BM. (If we consider, for
example, the strip A'C’ starting halfway along AB, and intersecting
AB,MB & CBat A’,M'& C’, then ABM & A'BM' are similar
triangles, so that A’'M’ is a half of AM. In the same way, M'C’ is a
half of MC. Hence A'M' = M'C".)

Treating the lamina as a composite of an infinite number of these
strips, its centre of mass will be that of an infinite number of point
masses lying on BM. Thus the centre of mass of the lamina must
lie on BM, and similarly it must lie on the other two medians. This
shows that the 3 medians must meet at a point, which is the
centre of mass of the lamina.

[t is shown below that the centre of mass lies two-thirds of the
way along any of the medians, from the vertex.
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(14) Centre of mass of triangular lamina (proof) - Part 2 (Distance
along the medians)
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Figure 17

Let OC = A0M; & AC = uAM, (1)

[standard technique: represents the fact that C lies on the line
OM, ]

Also, OC = a + AC (2) [standard technique: 2 ways of getting
to the same place]

Substitute (1) into (2) > AOM; =a+ uAM, (3)

Now, OM; =% (a+b) & AM, = % b —a (4)

Substitute (4) into (3) > % A(a+b)=a+u(*2b —a) (5)
A A u .

>(G+tu-Da+G-3)b=0

Provided a & b are not paralle], there is only one way of
expressing a vector as a combination of a & b

Inthiscase,%+ u—1=0 & %—§=0 (6)
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[standard technique: equivalent to equating coefficients of a &
of b in (5)]

Then (6)=>A= u= 2

ie the centre of mass lies two-thirds of the way along any of the
medians, from the relevant vertex.

(15) Centre of mass of triangular lamina (prrof) - Part 3: Location
of the centre of mass in terms of the coordinates of the vertices
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Figure 18
0G = 0A + AG
=a+ gm
=a+ g.l/z(ﬁ+ﬁ)
=a+ z[(b - a)+(c — a)]
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1
g(ax + bx + Cx)

ax) etc, 0G =

Soif a = (ay

1
g(ay + by, + cy)

(16) Centre of mass of triangular lamina (proof) — Part 4 : Right-
angled Triangle
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Figure 19

Gisat G(0+a+0), 7 (0+0+b)=(5,2)

Note: The % in this formula is nothing to do with G being ; of the

way along the median (from the side towards the vertex).

This result can also be obtained by integration.



(17) Centre of mass of a uniform sector (proof by integration)

— 1 1)

Figure 20 Figure 21
2r &
&
Figure 22

fmng.uk

By symmetry, we need only consider the top half of Figure 20.

Centre of mass of thin wedge (approx. triangle) is at G: %r fr
x (wedge)= %rcos@

Area of wedge = %T‘Z(?Q

om O:



fmng.uk

Area of (top half) of sector = %rza

1

x (half sector) = foa(g rcos@)(%rzdé?)
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a 2rsina

2r ra 2r .
= ﬁfo cosf df = g[smﬁ]o ==

(18) Centre of mass of a uniform circular arc (proof by integration)
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Figure 23

By symmetry we need only consider the top half of Figure 23.

x (element of arc)= rcosf (where 6 is asin (17))
length of element = 66
Length of (top half) of arc = ra

x (top half of wire) = % foa(rcose)(rde)
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a rsina

[sin@], =
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(19) Centre of mass of a general lamina (proof by integration)

-~

."'\

Figure 24

— 1 b

% =3[, xdx)

where A = f:ydx

(area is proxy for mass)

— 1 /b1

y=-J,7y(dx)

Note: In some cases it may be easier to integrate wrty;
. — _1.d

ie y = ch y(xdy) etc

(20) Centre of mass of a right-angled triangular lamina (proof by
integration)



Figure 25

— 1 b
X =Zf0ax(ydx);wherey = —Zx+b (or§+%= 1 etc)

and A=%ab
So x—i a——x + bx dx
ab
= Z[-2& bS]

2( ba3 +ba)_2(ba2)_a
ab 3a 2/) ab\ 6/ 3

— 1

al b 1
y==J Ey(ydx),wherey——zx+b & A=ab

So y—i Oa%(—2x+b)2 dx
=§f0a(_§+1) dx——f ———+1dx
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Figure 26

2
h T
y=—x=>x2=(—y)
r n

2
Volume = foh mx?dy = fohn (%) dy

= 2y -
0
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2 2
= i(l h3) =t (§ X base area X height)
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(22) Centre of mass of conical shell
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Figure 27

.. 2
Centre of mass of strip is 3 along from the vertex.
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. 2 . :
So centre of mass is 3 h below the vertex (by similar triangles);

h
or 3 above the base

(23) Centre of mass of hemispherical shell (proof by integration)

4
{
: £
L& Fa an 1 t
7 \U : 3
:‘))‘Q ‘{:’ : : g

Figure 28 Figure 29

Surface area of sphere = 4nr?

1
2mr?

X = f(?(rcose) (2r[rsin@][rdo])

=1 [2 cosOsinb db
T

=~ JZ sin26 do
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T
= g [— % 00529] :

0

-r -r T
= T(cosn — cos0) = T(_l —1) = E
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