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Section A: Pure Mathematics

1 (i) Show that making the substitution x =
1
t

in the integral

∫ b

a

1

(1 + x2)
3
2

dx ,

where b > a > 0, gives the integral

∫ b−1

a−1

−t

(1 + t2)
3
2

dt .

(ii) Evaluate:

(a)
∫ 2

1
2

1

(1 + x2)
3
2

dx ;

(b)
∫ 2

−2

1

(1 + x2)
3
2

dx .

(iii) (a) Show that

∫ 2

1
2

1
(1 + x2)2

dx =
∫ 2

1
2

x2

(1 + x2)2
dx = 1

2

∫ 2

1
2

1
1 + x2

dx ,

and hence evaluate ∫ 2

1
2

1
(1 + x2)2

dx .

(b) Evaluate ∫ 2

1
2

1 − x

x(1 + x2)
1
2

dx .
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2 (i) The real numbers x, y and z satisfy the equations

y =
2x

1 − x2
,

z =
2y

1 − y2
,

x =
2z

1 − z2
.

Let x = tanα. Deduce that y = tan 2α and show that tanα = tan 8α.

Find all solutions of the equations, giving each value of x, y and z in the form tan θ
where −1

2π < θ < 1
2π.

(ii) Determine the number of real solutions of the simultaneous equations

y =
3x − x3

1 − 3x2
,

z =
3y − y3

1 − 3y2
,

x =
3z − z3

1 − 3z2
.

(iii) Consider the simultaneous equations

y = 2x2 − 1 ,

z = 2y2 − 1 ,

x = 2z2 − 1 .

(a) Determine the number of real solutions of these simultaneous equations with
|x| � 1, |y| � 1, |z| � 1.

(b) By finding the degree of a single polynomial equation which is satisfied by x,
show that all solutions of these simultaneous equations have |x| � 1, |y| � 1,
|z| � 1.
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3 Let p(x) be a polynomial of degree n with p(x) > 0 for all x and let

q(x) =
n∑

k=0

p(k)(x) ,

where p(k)(x) ≡ dkp(x)
dxk

for k � 1 and p(0)(x) ≡ p(x).

(i) (a) Explain why n must be even and show that q(x) takes positive values for some
values of x.

(b) Show that q′(x) = q(x) − p(x).

(ii) In this part you will be asked to show the same result in three different ways.

(a) Show that the curves y = p(x) and y = q(x) meet at every stationary point of
y = q(x).

Hence show that q(x) > 0 for all x.

(b) Show that e−xq(x) is a decreasing function.

Hence show that q(x) > 0 for all x.

(c) Show that ∫ ∞

0
p(x + t)e−t dt = p(x) +

∫ ∞

0
p(1)(x + t)e−t dt .

Show further that ∫ ∞

0
p(x + t)e−t dt = q(x) .

Hence show that q(x) > 0 for all x.
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4 (i) Show that, if
(
x −√

2
)2 = 3, then x4 − 10x2 + 1 = 0.

Deduce that, if f(x) = x4 − 10x2 + 1, then f
(√

2 +
√

3
)

= 0.

(ii) Find a polynomial g of degree 8 with integer coefficients such that g
(√

2+
√

3+
√

5
)

= 0.
Write your answer in a form without brackets.

(iii) Let a, b and c be the three roots of t3 − 3t + 1 = 0.

Find a polynomial h of degree 6 with integer coefficients such that h
(
a +

√
2
)

= 0,
h
(
b +

√
2
)

= 0 and h
(
c +

√
2
)

= 0. Write your answer in a form without brackets.

(iv) Find a polynomial k with integer coefficients such that k
(

3
√

2 + 3
√

3
)

= 0. Write your
answer in a form without brackets.
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5 (i) The sequence xn for n = 0, 1, 2, . . . is defined by x0 = 1 and by

xn+1 =
xn + 2
xn + 1

for n � 0.

(a) Explain briefly why xn � 1 for all n.

(b) Show that x2
n+1 − 2 and x2

n − 2 have opposite sign, and that∣∣x2
n+1 − 2

∣∣ � 1
4

∣∣x2
n − 2

∣∣ .

(c) Show that
2 − 10−6 � x2

10 � 2 .

(ii) The sequence yn for n = 0, 1, 2, . . . is defined by y0 = 1 and by

yn+1 =
y2

n + 2
2yn

for n � 0.

(a) Show that, for n � 0,

yn+1 −
√

2 =

(
yn −√

2
)2

2yn

and deduce that yn � 1 for n � 0.

(b) Show that

yn −
√

2 � 2

(√
2 − 1
2

)2n

for n � 1.

(c) Using the fact that √
2 − 1 < 1

2 ,

or otherwise, show that
√

2 � y10 �
√

2 + 10−600 .
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6 The sequence Fn, for n = 0, 1, 2, . . ., is defined by F0 = 0, F1 = 1 and by Fn+2 = Fn+1 + Fn

for n � 0.

Prove by induction that, for all positive integers n,(
Fn+1 Fn

Fn Fn−1

)
= Qn,

where the matrix Q is given by

Q =
(

1 1
1 0

)
.

(i) By considering the matrix Qn, show that Fn+1Fn−1 − F 2
n = (−1)n for all positive

integers n.

(ii) By considering the matrix Qm+n, show that Fm+n = Fm+1Fn+FmFn−1 for all positive
integers m and n.

(iii) Show that Q2 = I + Q.

In the following parts, you may use without proof the Binomial Theorem for matrices:

(I + A)n =
n∑

k=0

(
n
k

)
Ak.

(a) Show that, for all positive integers n,

F2n =
n∑

k=0

(
n
k

)
Fk .

(b) Show that, for all positive integers n,

F3n =
n∑

k=0

(
n
k

)
2kFk

and also that

F3n =
n∑

k=0

(
n
k

)
Fn+k .

(c) Show that, for all positive integers n,

n∑
k=0

(−1)n+k

(
n
k

)
Fn+k = 0 .
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7 (i) The complex numbers z and w have real and imaginary parts given by z = a + ib and
w = c + id. Prove that |zw| = |z||w|.

(ii) By considering the complex numbers 2 + i and 10 + 11i, find positive integers h and k
such that h2 + k2 = 5 × 221.

(iii) Find positive integers m and n such that m2 + n2 = 8045.

(iv) You are given that 1022 + 2012 = 50805.

Find positive integers p and q such that p2 + q2 = 36 × 50805.

(v) Find three distinct pairs of positive integers r and s such that r2 + s2 = 25× 1002082
and r < s.

(vi) You are given that 109 × 9193 = 1002037.

Find positive integers t and u such that t2 + u2 = 9193.

8 A tetrahedron is called isosceles if each pair of edges which do not share a vertex have equal
length.

(i) Prove that a tetrahedron is isosceles if and only if all four faces have the same perimeter.

Let OABC be an isosceles tetrahedron and let
−→
OA = a,

−−→
OB = b and

−−→
OC = c.

(ii) By considering the lengths of OA and BC, show that

2b.c = |b|2 + |c|2 − |a|2.

Show that
a.(b + c) = |a|2.

(iii) Let G be the centroid of the tetrahedron, defined by
−−→
OG = 1

4(a + b + c).

Show that G is equidistant from all four vertices of the tetrahedron.

(iv) By considering the length of the vector a−b−c, or otherwise, show that, in an isosceles
tetrahedron, none of the angles between pairs of edges which share a vertex can be
obtuse. Can any of them be right angles?
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Section B: Mechanics

9 A truck of mass M is connected by a light, rigid tow-bar, which is parallel to the ground,
to a trailer of mass kM . A constant driving force D which is parallel to the ground acts on
the truck, and the only resistance to motion is a frictional force acting on the trailer, with
coefficient of friction μ.

• When the truck pulls the trailer up a slope which makes an angle α to the horizontal,
the acceleration is a1 and there is a tension T1 in the tow-bar.

• When the truck pulls the trailer on horizontal ground, the acceleration is a2 and there
is a tension T2 in the tow-bar.

• When the truck pulls the trailer down a slope which makes an angle α to the horizontal,
the acceleration is a3 and there is a tension T3 in the tow-bar.

All accelerations are taken to be positive when in the direction of motion of the truck.

(i) Show that T1 = T3 and that M(a1 + a3 − 2a2) = 2(T2 − T1).

(ii) It is given that μ < 1.

(a) Show that
a2 < 1

2(a1 + a3) < a3 .

(b) Show further that
a1 < a2 .
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10 In this question, the x- and y-axes are horizontal and the z-axis is vertically upwards.

(i) A particle Pα is projected from the origin with speed u at an acute angle α above the
positive x-axis.

The curve E is given by z = A − Bx2 and y = 0. If E and the trajectory of Pα touch
exactly once, show that

u2 − 2gA = u2
(
1 − 4AB

)
cos2 α .

E and the trajectory of Pα touch exactly once for all α with 0 < α < 1
2π. Write down

the values of A and B in terms of u and g.

An explosion takes place at the origin and results in a large number of particles being
simultaneously projected with speed u in different directions. You may assume that all the
particles move freely under gravity for t � 0.

(ii) Describe the set of points which can be hit by particles from the explosion, explaining
your answer.

(iii) Show that, at a time t after the explosion, the particles lie on a sphere whose centre
and radius you should find.

(iv) Another particle Q is projected horizontally from the point (0, 0, A) with speed u in
the positive x direction.

Show that, at all times, Q lies on the curve E.

(v) Show that for particles Q and Pα to collide, Q must be projected a time
u(1 − cos α)

g sin α
after the explosion.
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Section C: Probability and Statistics

11 (i) X1 and X2 are both random variables which take values x1, x2, . . . , xn, with probabil-
ities a1, a2, . . . , an and b1, b2, . . . , bn respectively.

The value of random variable Y is defined to be that of X1 with probability p and that
of X2 with probability q = 1 − p.

If X1 has mean μ1 and variance σ2
1, and X2 has mean μ2 and variance σ2

2, find the
mean of Y and show that the variance of Y is pσ2

1 + qσ2
2 + pq(μ1 − μ2)2.

(ii) To find the value of random variable B, a fair coin is tossed and a fair six-sided die is
rolled. If the coin shows heads, then B = 1 if the die shows a six and B = 0 otherwise;
if the coin shows tails, then B = 1 if the die does not show a six and B = 0 if it does.
The value of Z1 is the sum of n independent values of B, where n is large.

Show that Z1 is a Binomial random variable with probability of success 1
2 .

Using a Normal approximation, show that the probability that Z1 is within 10% of its
mean tends to 1 as n −→ ∞.

(iii) To find the value of random variable Z2, a fair coin is tossed and n fair six-sided dice
are rolled, where n is large. If the coin shows heads, then the value of Z2 is the number
of dice showing a six; if the coin shows tails, then the value of Z2 is the number of dice
not showing a six.

Use part (i) to write down the mean and variance of Z2.

Explain why a Normal distribution with this mean and variance will not be a good
approximation to the distribution of Z2.

Show that the probability that Z2 is within 10% of its mean tends to 0 as n −→ ∞.
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12 Each of the independent random variables X1, X2, . . . , Xn has the probability density
function f(x) = 1

2 sin x for 0 � x � π (and zero otherwise). Let Y be the random vari-
able whose value is the maximum of the values of X1, X2, . . . , Xn.

(i) Explain why P(Y � t) =
[
P(X1 � t)

]n and hence, or otherwise, find the probability
density function of Y .

Let m(n) be the median of Y and μ(n) be the mean of Y .

(ii) Find an expression for m(n) in terms of n. How does m(n) change as n increases?

(iii) Show that

μ(n) = π − 1
2n

∫ π

0
(1 − cos x)n dx .

(a) Show that μ(n) increases with n.

(b) Show that μ(2) < m(2).



 
 
 
 
 
 
 
 

 
 

BLANK PAGE 



 
 
 
 
 
 
 
 

 
 

BLANK PAGE 



 
 
 
 
 
 
 
 

 
 

BLANK PAGE 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (ColorMatch RGB)
  /CalCMYKProfile (U.S. Sheetfed Uncoated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.245 841.846]
>> setpagedevice


